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ABSTRACT 

Context. Observations of solar-like oscillations obtained either from the ground or from space stimulated the study of the effects of 
various physical processes on the modelling of solar-type stars. 

Aims. The influence of rotational mixing on the evolution and asteroseismic properties of solar-type stars is studied. 

Methods. Global and asteroseismic properties of models of solar-type stars computed with and without a comprehensive treatment 

of shellular rotation are compared. The effects of internal magnetic fields are also discussed in the framework of the Tayler-Spruit 

dynamo. 

Results. Rotational mixing changes the global properties of a solar-type star with a significant increase of the effective temperature 
resulting in a shift of the evolutionary track to the blue part of the HR diagram. These differences observed in the HR diagram are 
related to changes of the chemical composition, because rotational mixing counteracts the effects of atomic diffusion leading to larger 
helium surface abundances for rotating models than for non-rotating ones. Higher values of the large frequency separation are then 
found for rotating models than for non-rotating ones at the same evolutionary stage, because the increase of the effective temperature 
leads to a smaller radius and hence to an increase of the stellar mean density. In addition to changing the global properties of solar- 
type stars, rotational mixing also has a considerable impact on the structure and chemical composition of the central stellar layers 
by bringing fresh hydrogen fuel to the central stellar core, thereby enhancing the main-sequence lifetime. The increase of the central 
hydrogen abundance together with the change of the chemical profiles in the central layers result in a significant increase of the values 
of the small frequency separations and of the ratio of the small to large separations for models including shellular rotation. This 
increase is clearly seen for models with the same age sharing the same initial parameters except for the inclusion of rotation as well 
as for models with the same global stellar parameters and in particular the same location in the HR diagram. By computing rotating 
models of solar-type stars including the effects of a dynamo that possibly occurs in the radiative zone, we find that the efficiency of 
rotational mixing is strongly reduced when the effects of magnetic fields are taken into account, in contrast to what happens in massive 
stars. 

Key words, stars: solar-type - stars: interiors - stars: rotation - stars: oscillation - stars: magnetic field 

1. Introduction tions are also obtained from space, thanks to the CoRoT and 

.,, . . , , , , . the Kepler space missions. All these observations of oscillations 

The solar five-minute oscillations have provided a wealth of in- for solar . t stars stimulate the theore tical study of the effects 

formation on the internal structure of the Sun. These results of yarious h kal sses on the asterose ismic properties of 

stimulated various attempts to obtain similar observations for thefje starg Rotation ^ Qne of ^ k ses that influe nces 

other solar-type stars. In past years the spectrographs developed ^ Qu of stellar models ^ a m impact Qn 

for extra-solar planet search have finally achieved the accuracy ^ physicf , and evolution of massive stars (see Zahn 1992; 

needed to detect solar-bke oscillations on other stars (see e.g Maeder 2(my Ifl M& work> wg smd ±e effectfj of rotational 

| Bedding&Kieldsen| | 2008|) . In addition to these ground-based mixi Qn ^ evolution and astel - seismic properties of solar- 

observations, photometric measurements of solar-like oscrtla- type starf , by comparing stellar models including she iiular rota- 

~Z , a- . ~ ~ TTc u tion to non-rotating models. The influence of internal magnetic 
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occurs in the radiative zone by computing s tellar models includ- 
ing the Tayler-Spruit dynamo (Spruit 2002). 

The modelling of rotation is presented in Sect. 2. The effects 
of rotational mixing and internal magnetic fields on the evolution 
and asteroseismic properties of solar-type stars are discussed in 
Sect. 3, while the conclusion is given in Sect. 4. 



2. Modelling of rotation 

In this section, we briefly summarise the basic physical ingredi- 
ents of numerical models of rotating stars. 



2.1. Shellular rotation 

Meridional circulation is generated in the radiative zone of a 
rotating star as a result of the thermal imbalance induced by 
the br eaking of the spherical symmetry (Eddington 1925: IVogtl 
I1926I) . struc tural adjustments and surface extraction of angular 
momentum dDecressin et al.l l2009). Transporting matter and an- 
gular momentum, this circulation creates differential rotation in 
the radiative zones, which makes the stellar interior highly turbu- 
lent. This turbulence is assumed to be much stronger in the hor- 
izontal than in the vertical direction (Tassoul & Tassoul ll983: 
IZahn|[l992h . The horizontal turbulent coupling favours an es- 
sentially constant angular velocity Q. on the isobars. With this 
hypothesis of shellular rotation, every quantity depends solely 
on pressure and can be split into a mean value and its latitudinal 
perturbation 

f(p,ff) = f(P)+f(P)p 2 (co S e), (i) 

where P2(cos 6) is the second Legendre polynomial. 

2.2. Transport of angular momentum 

In the framework of shellular rotation, the transpo rt of angular 
momentum obeys an advection-diffusion equation dZahnlll992t 
iMaeder & Zahnlil998h : 

where r is the characteristic radius of the isobar, p the mean den- 
sity on an isobar, Q(r) the mean angular velocity at level r and 
D is the diffusion coefficient associated to the transport of angu- 
lar momentum through turbulent diffusion. In the Geneva stellar 
evolution code, meridional circulation is treated as a truly ad- 
vective process. The vertical component u(r, 6) of the velocity of 
the meridional circulation at a distance r to the centre and at a 
colatitude 9 can be written 



u(r, 8) = U(r)P 2 (cos ff) . 



(3) 



Only the radial term U(r) appe ars in Eq. (0; its expression is 
given bv lMaeder & Zahnl dl998l) : 



U(r) 



pgC P T[V ad - V + (<p/8)V M ] 
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M 



(E n + E„) 



(4) 



P is the pressure, Cp the specific heat, V = fjj^j, 6 = — (fj^f f p 

and tp = (§^) />r wim A* me mean molecular weight. En and E M 
are terms depending on the Q.- and /i-distributions respectively, 
up to the third order derivatives and on various thermodynamic 
quantities (see lMaeder & Zahnll 19981 for more details). 



Meridional circulation and shear mixing are considered as 
the main mixing mechanisms in radiative zones. The first term 
on the right-hand side of Eq. describes the advection of angu- 
lar momentum by meridional circulation, while the second term 
accounts for the transport of angular momentum by shear insta- 
bility with D = Z) s hear- The expression of this diffusion coeffi- 
cient is given by 



D 



shear 



4(K T + D h ) 



fl V ,d + ^) + ( V ad-V rad )] 



H v a d hfi 

x— - 0.8836 O 

ed 4 \ dlnr 



(5) 



with K T the thermal diffusivity dMaeder & Mevnetll200Tl) . D b is 
the diffusion coefficient associated to horizontal turbulence. This 
coefficient can be obtained by expressing the balance between 
the energy dissipated by the horizontal turbul ence and the e xcess 
of energy present in the differential rotation (Maeder 2003): 



D h = Ar(rQ.(r)V[2V -aU]f , 
with 



A = 



4Q0nn 



(6) 



(7) 



U is the vertical component of the meridional circulation veloc- 
ity, V the horizontal component, and a = \ ^nnr • 

The full solution of Eq. (O taking into account U(r) and D 
gives the non-stationary solution of the problem. The expression 
of U(r) (Eq.HJl involves derivatives up to the third order; Eq. (0 
is thus of the fourth order and implies four boundary conditions. 
The first boundary conditions impose momentum conservation 
at convective boundaries: 



d_ 

dt 
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r 4 pdr 



r 4 pdr 



= -^r 4 p£lU + Tn for r = r t 



= -r 4 pQU 



for r — r\, . 



The other conditions are determined by requi ring the absence o f 
differential rotation at convective boundaries dTalon et al]l 19971) 



— = for r = r t , r b . 
or 



(8) 



r t and r\, correspond respectively to the top (surface) and bottom 
(center) of the radiative zone. Tn represents the torque applied 
at the surface of the star. For solar-type stars, this torque cor- 
responds to the magnetic coupling at the stellar surface. Indeed, 
these stars are assumed to undergo magnetic braking during their 
evolution on th e main sequence. We adopt the braking law of 
lKawalendl988h : 



dJ_ 
~dt 



A,Q3|'4 /2 fi! 



-1/2 



(Q < Q sat ) 



-KQ. Q 2 sa 



R\ 1/2 IM 



-1/2 



(Q > Q sat ) . 



The constant K is related to the magnitude of the magnetic field 
strength; it is usually calibra ted on the Sun and taken to be a 
constant in all stars (e.g. Bou vier et aljl997h . Q sat expresse s that 
magnetic field generation saturates at some critical value dSaarl 
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1996, and references therein). This saturation is required in or- 
der to retain a sufficient a mount of fast rotators in youn g clusters, 
as originally suggested bv lStauffer & Hartmannl d!987l). For the 
prese nt computations, Q sat is fixed to 14 Q fsee iBouvier et alJ 
fl997h . 

2.3. Transport of chemical elements 

The vertical transport of chemicals through the combined ac- 
tion of vertical advection and strong h orizontal diffusion can b e 
described as a pure diffusive process (IChabover & Zahnl [l992). 
The advective transport is then replaced by a diffusive term, with 
an effective diffusion coefficient 



£>eff = 



\rU(r)\ 2 
30D h 



(9) 



where is the diffusion coefficient associated to horizontal tur- 
bulence (Eq.[6j. The vertical transport of chemical elements then 
obeys a diffusion equation which, in addition to this macroscopic 
transport, also accounts for (vertical) turbulent transport with the 
same coefficient D S hear as for the transport of angular momentum 
(Eq.[5]), nuclear reactions, and atomic diffusion. 
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3. Results 

The stellar evolution code used for these computations is the 
Geneva code, which includes a comprehensive treatment of shel- 
lular rotation as briefly described in the preceding section (see 
lE^zenberger et al.ll2.Q08L for more details). In addition to shellu- 
lar rotation, atomic diffusion can be included in the computation 
using the routi nes developed for t he Toulouse-Geneva version of 
the code (e.g. lRichard et alll9 96). The diff usion coefficients ar e 
computed according to the prescription bv lPaquette et al.l (Q986). 
Diffusion due to concentration and thermal gradients is included, 
while the radiative acceleration is neglected since it is negligible 
for the structure o f low-mass stellar m odels with extended con- 
vective envelopes dTurcotte et alJ[l9 98). 



Fig. 1. Evolutionary tracks in the HR diagram for 1 M mod- 
els. The continuous and dashed lines correspond to non-rotating 
models computed with and without atomic diffusion, respec- 
tively. The dotted and dot-dashed lines indicate rotating model 
with an initial velocity of 50kms _1 computed with and without 
atomic diffusion, respectively. The tracks stop at the end of the 
main sequence. 



atomic diffusion exhibit lower effective temperatures and lumi- 
nosities than the corresponding models without atomic diffusion. 
Contrary to rotation, the inclusion of atomic diffusion is thus 
found to shift evolutionary tracks towards the red part of the HR 
diagram. 



3.1. Main-sequence evolution of rotating models 

To investigate the effects of rotational mixing on the proper- 
ties of solar-type stars, the main-sequence evolution of 1 M 
sta rs is computed wi t h a so lar chemical composition as given 
bv lGrevesse & Noelsl d 19931) and a solar calibrated value for the 
mixing-length parameter. The main-sequence evolution of non- 
rotating models with and without atomic diffusion of helium and 
heavy elements is first computed. Two additional rotating mod- 
els with an initial velocity of 50 km s _1 on the zero age main se- 
quence (ZAMS) are computed with and without the inclusion of 
atomic diffusion of helium and heavy elements. For these mod- 
els, the braking constant K is calibrated so that a 1 M star with 
an initial velocity of 50kms _1 on the ZAMS reproduces the so- 
lar surface rotational velocity after 4.57 Gyr. All four models 
share exactly the same initial parameters except for the inclu- 
sion of shellular rotation and atomic diffusion. 

Figure Q] shows the main-sequence evolution in the HR di- 
agram for these models. Comparing rotating and non-rotating 
models, we see that the inclusion of rotation changes the evo- 
lutionary tracks in the HR diagram. Rotating models indeed ex- 
hibit higher effective temperatures and slightly higher luminosi- 
ties than non-rotating ones; this results in a shift of the evolu- 
tionary tracks to the blue part of the HR diagram when rotation 
is taken into account. FigureQ]also shows that models including 
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Fig. 2. Surface abundance of helium Y s during the main- 
sequence evolution for the 1 M models shown in Fig.Q] 



In Fig. |2 the variation of the helium surface abundance Y s 
during the main sequence is plotted for the four models shown 
in Fig. Q] For the model computed without atomic diffusion 
and rotation (dashed line), the helium surface abundance re- 
mains constant because no mixing mechanisms are taken into 
account in the radiative zone. The inclusion of atomic diffusion 
leads to a decrease of the helium mass fraction at the stellar sur- 
face. Comparing models including atomic diffusion and com- 
puted with and without rotation (dotted and continuous lines), a 
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lower decrease of the helium surface abundance is found for the 
rotating model than for the non-rotating one. We thus see that ro- 
tational mixing counteracts the effects of atomic diffusion in the 
external layers of the star. As a result, rotating models exhibit 
larger surface abundances of helium leading to a decrease of the 
opacity in the external layers and hence to the shift towards the 
blue part of the HR diagram observed in Fig. [TJ These differ- 
ences in the helium content of the external layers of rotating and 
non-rotating stars increase during the main-sequence evolution 
resulting in significant differences in the HR diagram. 



i i i | i i i | i i i | i i i | i i r 




age [Gyr] 



Fig. 3. Same as Fig. [2] but for the central hydrogen abundance 
X c . 

In addition to changing the evolutionary tracks in the HR 
diagram through the change of the surface chemical composi- 
tion, rotation has also a significant impact on the properties of 
the central layers. In particular, rotational mixing brings fresh 
hydrogen fuel to the central stellar core, thereby enhancing the 
main-sequence lifetime. Figure[3]shows the evolution of the cen- 
tral mass fraction of hydrogen (X c ) as a function of the age for 
the same four models of 1 M . Owing to rotational mixing, we 
see that at a given age the central hydrogen mass fraction is 
larger for rotating models than for models without rotation. On 
the contrary, the inclusion of atomic diffusion leads to a more 
rapid decrease of the central hydrogen abundance. By comparing 
the model including atomic diffusion and rotation (dotted line, 
model R-D hereafter) to the model computed without atomic 
diffusion nor rotation (dashed line, model NR-ND hereafter), we 
see that rotational mixing completely counteracts the effects of 
atomic diffusion in the central layers and even leads to values 
of X c which are slightly higher than for the model computed 
without atomic diffusion and rotation. We thus find that the effi- 
ciency of rotational mixing relative to atomic diffusion is higher 
in the central layers of a solar-type star than in its external lay- 
ers. Figure [2] indeed shows that rotation only reduces the effi- 
ciency of atomic diffusion in the external layers, but does not 
completely counteract these effects, since the R-D model (dotted 
line) exhibits surface abundances of helium that are higher than 



the values of the non-rotating model including atomic diffusion 
(continuous line, model NR-D hereafter) but also lower than the 
helium surface abundances of the NR-ND model (dashed line). 
As a result of rotational mixing, the main-sequence lifetime is 
longer for stellar models including rotation. For instance, mod- 
els of 1 M computed with an initial velocity of 50 km s exhibit 
ages at the end of the main sequence about 10% higher than the 
corresponding non-rotating models. 

3.2. Asteroseismic properties of rotating models 

3.2.1. Models with the same initial parameters 

In the preceding section, the effects of rotation on the structure 
and evolution of solar-type have been discussed. We are now 
interested in investigating how these rotational effects change 
the asteroseismic properties of solar-type stars. For this purpose, 
the NR-ND model is first compared to the 1 M model com- 
puted with an initial velocity of 50kms _1 and without atomic 
diffusion (model R-ND herafter). Both models therefore share 
the same initial parameters except for the inclusion of shellu- 
lar rotation. The theoretical low-£ frequencies of these models 
are then computed by using th e Aarhus adiabatic pulsation code 
(IChristensen-Dalsgaardl20 08 ) . 

The first asteroseismic quantity we consider is the mean 
large separation (Av). This frequency spacing is defined as the 
differences between oscillation modes with the same angular de- 
gree t and consecutive radial order n: Av((n) = v„/ - v n -i,t- The 
mean value of the large separation is calculated from modes with 
a radial order n ranging from 15 to 25 for t — and i = 1 modes, 
and for an order n ranging from 14 to 24 for I — 2 modes (this 
interval typically corresponds to oscillation modes detected in 
main-sequence solar-type stars). The variation of the mean large 
separation during the main-sequence evolution is shown in Fig.|4] 
for the rotating and the non-rotating 1 M Q model. 




2 4 6 

age [Gyr] 



Fig. 4. Mean large separation (Av) versus age for 1 M models 
computed with the same initial parameters except for the inclu- 
sion of rotation. The rotating model has an initial velocity of 
50kms-' ontheZAMS. 

Figure|4]first shows that the mean large separation decreases 
during the evolution of the star on the main sequence. This can 
be readily understood by recalling that the large separation is 
asymptotically proportional to the square root of the star's mean 
density. The stellar radius increases during the evolution of the 
star on the main sequence (see Fig. [5) resulting thereby in a de- 
crease of the star's mean density and hence of the mean large 
separation. 

Concerning the effects of rotation, Fig. |4] shows that ro- 
tational mixing increases the value of the mean large separa- 
tion at a given age. The decrease of the mean large separation 
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- no rotation 
rotation 




age [Gyr] 

Fig. 5. Variation of the stellar radius during the main-sequence 
evolution of 1 M models with and without rotation. The rotating 
model is computed with an initial velocity of 50kms _1 on the 
ZAMS. 



during the main sequence is then found to be larger for mod- 
els without rotation than for rotating models. Frequency dif- 
ferences of 1.3, 2.3, 3.1 and 3.7//Hz between the values of 
the mean large separation for a model with an initial veloc- 
ity of 50kms _I and a non-rotating model are reached after 
2, 4, 6 and 8 Gyr, respectively. Since the typical accuracy on 
the observed mean large separation obtained so far by ground- 
based and space observ ations of solar-like oscillations is better 
than about 0.5 yHz (e.g.lChaplin et al.ll2010tlMosser et al.f2 009 ; 
Carrier & Eggenberger 2006; [Bedding et al.ll2006t ICarrier et al.l 
2005: iBouchv & Ca rrier 2002), we see that the inclusion of ro- 



tation leads to significant changes of the mean large separation. 
These effects of shellular rotation on the mean large separation 
are related to the decrease of the stellar radius when the rota- 
tional velocity increases. Figure [5] indeed shows that the stellar 
radius at a given age is larger for the non-rotating model than 
for the model including shellular rotation. At a given luminosity, 
a rotating model is characterized by a smaller radius, a higher 
mean density and hence a higher value of the mean large sepa- 
ration than a non-rotating model. 

The effects of rotational mixing on the helium surface abun- 
dances can also be directly revealed by asteroseismic observa- 
tions. The depression in the adiabatic index Ti in the second 
helium ionization zone induces an oscillatory signal in the fre- 
quencies of seismic oscillations that can be used to determine the 
heliu m abundance in the conyective envelope of solar-type stars 
(e.g. jMonteiro & Thompson! 119981; iGoughl l2002t iMiglio et all 
2003: iBasu et al.l l2004t iHoudek & Goughl l2007h . Such a de- 



termination r equires hig h acc uracy asteroseismic observations. 
According to IBasu et al.l d200l . estimated errors on the helium 
abundance Y range from 0.03 for 0.8 M stars to 0.01 for 1.2M 
stars with a value of about 0.02 for 1 M stars assuming fre- 
quency errors typical of current asteroseismic space missions 
of one part in 10 4 . Comparing the surface helium abundance of 
1 M models including atomic diffusion and computed with and 
without rotation (continuous and dotted lines in Fig. we see 
that the difference in the helium abundance of the rotating and 
non-rotating model increases during the main-sequence evolu- 
tion and exceeds 0.02 after about 5.5 Gyr. We thus conclude that 
such a direct asteroseismic observation of the effects of rota- 
tional mixing on the surface helium abundance is of course very 
difficult to obtain but could be feasible for solar-type stars near 
the end of the main sequence. 

After the effects of shellular rotation on the global stel- 
lar parameters and external stellar layers, we now discuss the 
changes of the structure of the central layers due to rotational 
mixing by computing the mean small separations for the rotat- 



ing and non-rotating models studied before. The small separa- 
tion 6v(j + 2(n) = v„j - y„-i,f+2 is the difference between the fre- 
quencies of modes with an angular degree I of same parity and 
with consecutive radial order. The mean small separation (<5vo2) 
is calculated from I — modes with a radial order n ranging 
from 15 to 25 and I — 2 modes with an order n between 14 and 
24. The variation of the mean small separation ((Jvcb) during the 
main sequence is shown in Fig.|6]for both models. 




no rotation 
rotation 



4 

age [Gyr] 



Fig. 6. Same as Fig.|4]but for the mean small separation (<5vo2). 



The small separation is very sensitive to the structure of the 
core and is mainly proportional to the hydrogen content of the 
central layers. Figure|6]shows the decrease of (8v<yi) with the age 
resulting from the decrease of the hydrogen abundance in the 
central core due to nuclear burning. The inclusion of shellular 
rotation leads to higher values of the mean small separations at 
a given age. Frequency differences of 0.3, 0.5, 0.8 and 1.1 yuHz 
between the values of (6vw) for a model with an initial veloc- 
ity of 50km s and a non-rotating model are observed. This in- 
crease of the small separation for rotating models is mainly due 
to the increase of the central hydrogen abundance by rotational 
mixing discussed in the preceding section (see Fig. [3). While 
the small separation is principally sensitive to the conditions in 
the central regions of the star, it can also retain some sensitiv- 
ity to the near-surface structure. Roxburgh & Vorontsov (2003) 
introduce therefore the use of another asteroseismic diagnostic: 
the ratio of small to large separations ro2(«) = 8v$i(ri) I Ave=\(ri). 
This ratio constitutes a more reliable diagnostic for the central 
parts of a star than the small separation, since it is essentially 
independent of the structure of the ou ter layers, and is deter- 
mined solely by the inte rior structure (Roxbur gh & Vorontsovl 
120031; Floranes et al.l2005l) . The variation of the mean ratio {tqi) 
with the age is shown in Fig. [TJfor both models. 
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Fig. 7. Same as Fig. |4]but for the mean value of the ratio ro2- 
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Table 1. Asteroseismic properties for 1 M models with an age 
of6Gyr. 



Model 


atomic 


rotation 


<Av> 


<''02> 




diffusion 




DiHz] 




NR-D 


yes 


no 


126.3 


0.057 


R-D 


yes 


= SOkms -1 


130.8 


0.066 


NR-ND 


no 


no 


131.3 


0.060 


R-ND 


no 


Vw = 50kms-' 


134.4 


0.069 



FigureQconfirms that the increase of the small separation by 
rotational mixing observed in Fig.|6]is mainly due to the rotation- 
induced changes of the conditions in the central regions and not 
to the change of the global parameters nor of the near-surface 
structure of the star. Near the end of the main sequence, an in- 
crease of 15% of the ratio (ro2> is indeed found when rotational 
effects are taken into account. By comparing this value to the 
corresponding increase of 18% found for the small separation 
(SV02), we see that the sensitivity of (6V02) against changes in 
the global parameters and near-surface structure induced by ro- 
tation (resulting in an increase of the mean large separation of 
3% near the end of the main sequence) is quite limited. 

As mentioned in Sect. 13.11 the efficiency of rotational mixing 
relative to atomic diffusion is found to be greater in the central 
layers of a solar-type star than in its external layers. In order 
to find out how this difference can be seen in the asteroseismic 
properties of a star, we now compare four different stellar models 
with the same age but computed with/without atomic diffusion 
and rotation. The mean values of the large separation and of the 
ratio ro2 are given in Table [TJ for models with an age of 6 Gyr. 
Table [TJ shows that models computed without atomic diffusion 
exhibit the higher values of the mean large separation, while ro- 
tating models exhibit the higher values of the mean ratio ro2- 
We thus see that rotational effects have a more substantial im- 
pact on the ratio (r^i) than on the mean large separation (Av). 
Rotational mixing is found to only partially inhibit the effects 
of atomic diffusion on the large separation, while the impact of 
rotation on the ratio ro2 is much more important than the effects 
of atomic diffusion. This can be seen by comparing the rotat- 
ing model R-D to the non-rotating models NR-D and NR-ND. 
Model R-D indeed exhibits a higher value of (Av) than model 
NR-D, but a slightly lower value than model NR-ND, which is 
computed without atomic diffusion. The situation is quite differ- 
ent for the mean ratio (fta), because this value is significantly 
higher for model R-D than for both non-rotating models. This 
can also clearly be seen in Fig. [8] which shows the variation of 
ro2 with frequency for the four models listed in TableQ] Recalling 
that the large separation is principally sensitive to the mean stel- 
lar density and the ratio rca to the central properties of the star, 
we conclude that the greater efficiency of rotational mixing rela- 
tive to atomic diffusion in the central stellar layers is clearly vis- 
ible in the asteroseismic properties of the models. The increase 
of ro2 for rotating models shown in Fig.[8]is of course due to the 
higher value of X c at a given age when rotational effects are taken 
into account (see Fig. [3), but also to the changes of the chemical 
profiles in the central stellar layers due to rotational mixing (see 
Fig.g). 

The effects of rotational mixing on the central stellar lay- 
ers have been studied by discussing the changes of the small 
separation between modes with I — and 1 = 2 and of the 
corresponding ratio of the small to large separation ro2- The 
increase of the small separation and of the ratio of the small 
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to large separation due to rotational mixing is also clearly vis- 
ible for the separation between I = 1 and i = 3 modes 
(<5vi3(n) = v„/=i - v„_i/ = 3) and between I = and t = 1 
modes (5voi(«) = v„/=o - (v«-i.£=i + v„/=i)/2). This can be seen 
in Fig. [10] which shows the ratio roi = <5voi(n)/Avf = i(n) and 
?*13 = 6vn(n)/ Av( = o( n + 1) f° r rotating and non-rotating mod- 
els with the same age of 6 Gyr. Figure \W\ also shows that the 
changes of these asteroseismic ratios increase with the initial ve- 
locity of the model. This illustrates that the effects of rotational 
mixing on the stellar structure and hence on the asteroseismic 
properties of the models depend on the initial velocity, since a 
higher initial velocity leads to steeper gradients of the internal 
angular velocity, resulting in a more effective mixing by shear 
instability. 




no rotation: diffusion 
no rotation: no diffusion 
Vj= 50 km/s: diffusion 
V,= 50 km/s: no diffusion 



_L 



0.2 0.4 0.6 0.8 1 

r/R 

Fig. 9. Hydrogen abundance profiles for the 1 M models listed 
in TableQ] 



3.2.2. Models with the same global stellar parameters 



In Sect. 13.2.11 the effects of rotational mixing on asteroseismic 
properties of solar-type stars have been studied by comparing 
rotating and non-rotating models computed with the same ini- 
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Fig. 10. Ratio roi, f"02 and ry$ for 1 M models with the same 
age of 6 Gyr. The continuous line corresponds to a non-rotating 
model, while the dashed and dotted lines indicate models com- 
puted with an initial velocity of 30 km s _1 and 50 km s _1 , respec- 
tively. 



Fig. 11. Evolutionary tracks for 1 M models with and without 
rotation sharing the same location in the HR diagram. The rotat- 
ing model (dashed line) is computed with an initial velocity of 
50kms _1 . The triangle and the dot indicate the location of the 
models with an age of 3 and 6 Gyr, respectively. 



tial parameters. We are now interested in comparing rotating and 
non-rotating models sharing the same luminosity, effective tem- 
perature and surface metallicity, since such a procedure is closer 
to observational comparisons. Two additional non-rotating stars 
of 1 M are then computed in order to obtain models with the 
same location in the HR diagram and surface metallicity as the 
rotating 1 M model studied before. For this purpose, the ini- 
tial chemical composition and mixing-length parameter of non- 
rotating models are calibrated to reproduce simultaneously the 
surface metallicity and location in the HR diagram of the rotat- 
ing models with an age of 3 and 6 Gyr. The evolutionary tracks 
of these models are shown in Fig.fTTI 

The asteroseismic properties of rotating and non-rotating 
models are first compared by computing the mean large sepa- 
ration. The rotating model exhibits a mean large separation of 
150.1 and 134.4//Hz after 3 and 6 Gyr, while the corresponding 
non-rotating models have a mean large separation of 149.9 and 
134.5 //Hz, respectively. These values are almost identical for ro- 
tating and non-rotating models since the mean large separation 
is mainly sensitive to the mean density of the star. For this com- 
parison, the models have the same mass and radius; they exhibit 
therefore a similar value of the mean large separation. 

Concerning the small separation, and more precisely the ra- 
tio ro2 defined above, the situation is quite different. Figure [12] 
indeed shows an increase of the mean value of r^i for rotating 
models compared to non-rotating models with the same loca- 
tion in the HR diagram and surface metallicity. As observed in 
Sect. 13.2. 1 1 in models with the same initial parameters, this dif- 
ference increases during the evolution of the star. The rotating 
model exhibits indeed a mean value of the ratio ro2 of 0.086 and 
0.069 after 3 and 6 Gyr, while the corresponding non-rotating 
models have a mean ratio of 0.083 and 0.061, respectively. This 
increase of the mean ratio ro2 of about 4% and 13% after 3 and 
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6 Gyr directly reflects variation of the composition and structure 
of the central stellar layers caused by rotational mixing, which 
become more visible as the age increases. We thus conclude that 
the increase of the small separation and the ratio ro2 discussed 
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above in the case of stellar models computed with the same ini- 
tial parameters (but sharing different location in the HR diagram) 
is still clearly observed for models with the same global stel- 
lar parameters. Figure [12] shows that this increase is more pro- 
nounced at low frequency, leading to a slightly steeper slope in 
the ro2 versus frequency diagram. Thus, in addition to increasing 
the mean value of the ratio ro2, rotational mixing also changes 
the frequency dependence of roa. This reflects the effects of ro- 
tation on the chemical gradients and in particular the change of 
the abundance of hydrogen in the central parts of the star (see 
Fig.[9). 

By comparing the asteroseismic properties of models that 
share the same global stellar parameters, we conclude that ro- 
tational mixing is able to increase the mean small separation and 
ratio ro2 without changing the mean large separation. These re- 
sults are particularly interesting in the context of the asteroseis- 
mic calibration of stars for which solar-like oscillations are ob- 
served, since all observational constraints (classical as well as 
asteroseismic) have to be correctly reproduced simultaneously. 

3.3. Models with rotation and magnetic fields 

It is long known that meridional circulation and shear turbu- 
lence are actually not sufficient to enforce the near uniformity of 
the solar rotation profile measured by helioseismology. Indeed, 
models of solar-type stars including shellular rotation predict an 
increase i n the angular velocity when the distance to the centre 
decreases dPinsonneault et al.lll989t IChabover et al.fl995t iTalonl 
119971; iMat ias & Z ahnlll998l) . This is contradicted by helioseis- 
mic measurements indicating an approximately constant angu- 
lar v elocity between about 20% and 70% of the total solar ra- 
dius (lBrownetal.lll989t iKosovichev et al.lll997b ICouvidat etafl 



120031) . Another process is thus expected to intervene in the trans- 
port of angular momentum in low-mass stars. Additional clues 
about the existence and nature of this process come from obser- 
vations of light element abundances in low-mass stars which are 
efficiently spun down via magnetic torquing and lie on t he cool 
side of the lithium dip ( Talo n & Charbonne! i[l998l.l200l . 

Two main candidates have been proposed to efficiently ex- 
tract angular momentum from the central c ore of a solar- 
type st ar, namely magnetic fields (see e . g. iMestel & Weiss! 
1987|: ICharbonneau & MacGregorl 11993b lEggenberger et alj 



2005) and travelling internal gravity wav es (Schatzman 1993; 
Kumar & Ouataertlll997tlZahn et all 1997b ICharbonnel & Talon l 
20051: iTalon & Charbonnell l2005t iMathis et al.l 120081; iMathis 
2009). Since these processes leave slightly different signatures 



on the angular rotation profiles, it is important to test both 
of them with asteroseismic techniques. As of now however 
only the prescription for angular momentu m transport by mag- 
netic fields for the Tayler-Spruit dynamo (ISpruitll2002l) is in- 
cluded in the Geneva stellar evolution code, while the mod- 
elling of the transport of angular momentum by internal grav- 
ity including recent improvements is currently being imple- 
mented in this tool. We thus present here only models com- 
puted with both shellular rotation and magnetic fields as pre- 
scribed by the Tayler-Spruit dynamo, which are found to cor- 
rectly reproduce the helioseismic measureme nts of the internal 
rotation of the Sun (Eggenberger et al1l2005l) . This will allow 
us to investigate the general asteroseismic properties of solar- 
type stars with quasi-solid body rotation of their radiative inte- 
rior, even if the theoretical prescrip tion for the dynamo (see e.g. 
Denissenkov & Pinsonneault 2007) as well as its real existence 
dZahn et al.ll2007t iGellert et alJl2008T) is still a matter of debate. 
The effects of internal gravity waves on the asteroseismic prop- 



erties of stellar models as well as the influence of other pres crip- 
tions for internal magnetic fields (e.g. Math is & Zahnl2005l) will 
be studied in the near future. 
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Fig. 13. Evolutionary tracks in the HR diagram for 1 M mod- 
els. The continuous line corresponds to a non-rotating model. 
The dashed line indicates a model computed with rotation only 
and an initial velocity on the ZAMS of 50kms~', while the dot- 
ted line corresponds to a model including rotation and magnetic 
fields with an initial velocity of 50kms~'. 



The main-sequence evolution of a 1 M G model including 
both shellular rotation and the Tayler-Spruit dynamo is com- 
puted for an initial velocity on the ZAMS of 50 km s~ 1 . Figure[T3l 
shows the evolutionary tracks in the HR diagram for this model 
and for the corresponding models computed with rotation only 
and without rotation. All three models include atomic diffu- 
sion of helium and heavy elements. The effects of rotation are 
strongly reduced when the Tayler-Spruit dynamo is included in 
the computation. Only a slight shift of the track to the blue part of 
the HR diagram is indeed observed for the model with both rota- 
tion and magnetic fields, while the rotating model exhibits a sig- 
nificant increase of the effective temperature. These differences 
observed in the HR diagram can be related to changes in the sur- 
face chemical composition of the models. The variation of the 
helium surface abundance T s during the main-sequence is plot- 
ted in Fig.[T4lfor the three models shown in Fig. [13] As discussed 
in Sect. 13.11 rotational mixing counteracts the effects of atomic 
diffusion in the external layers of the star, leading to larger he- 
lium surface abundances for rotating models compared to non- 
rotating ones. This effect is clearly seen in Fig. [14] by compar- 
ing the model with rotation only to the non-rotating model. The 
model with rotation and magnetic fields exhibits slightly higher 
values of the helium surface abundance than the non-rotating 
model, but lower values than the model computed with rotation 
only. We thus see that the efficiency of rotational mixing in the 
external layers of solar-type stars is strongly reduced when the 
effects of the Tayler-Spruit dynamo are taken into account. As 
a result, the asteroseismic properties of a model including both 
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rotation and magnetic fields are very similar to the ones of a non- 
rotating model. In particular, only a very small increase of about 
0.4 fjHz of the mean large separation is found near the end of the 
main sequence (at 8 Gyr) for a rotating model computed with the 
Tayler-Spruit dynamo. 
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Fig. 14. Surface helium abundance Y s during the main sequence 
evolution of models including rotation only and both rotation 
and magnetic fields. 



The strong reduction of the efficiency of rotational mixing 
is not limited to the external stellar layers, but is also observed 
in the deep interior of solar-type stars. This is clearly seen in 
Fig [15] which shows the ratio ro2 of the small to large separation 
as a function of frequency for the three models at the same age of 
8 Gyr. When both rotation and magnetic fields are included in the 
computation, a negligible increase of this ratio is observed com- 
pared to the non-rotating model, while the model including only 
shellular rotation is characterized by significantly larger values 
of this ratio. 
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Fig. 15. Variation of the ratio ro2 with frequency for 1 M mod- 
els with the same age of 8 Gyr. The continuous line corresponds 
to a non-rotating model, while the dashed and dotted lines corre- 
spond to models including rotation only and both rotation and 
magnetic fields, respectively. These rotating models are com- 
puted with an initial velocity of 50 km s _1 . 



That rotational mixing is less efficient in magnetic models of 
solar-type stars than in models with rotation only is due to the 
strong decrease of the efficiency of the transport of chemicals by 
shear mixing when the Tayler-Spruit dynamo is included in the 
computation. This decrease is a direct consequence of the near 
solid body rotation of models including both rotation and mag- 
netic fields. Compared to the case with rotation only, we also 
note a slight increase of the transport of chemicals by merid- 
ional circulation for models with magnetic fields. This greater 
efficiency of meridional circulation for magnetic models is also 



due to the near solid body rotation, because uniform rotation cre- 
ates a strong breakdown of radiative equilibrium. For solar-type 
stars, this increase is much smaller though than the strong de- 
crease of the shear turbulent mixing that leads to a net decrease 
of the global efficiency of rotational mixing for a rotating model 
computed with the Tayler-Spruit dynamo. 

The models presented here allow us to illustrate the gen- 
eral asteroseismic properties of solar-type stars with flat rota- 
tion profiles in their radiative interiors. We wish to recall though 
that abundance patterns of light elements, and in particular of 
lithium, constitute complementary sensitive indicators of the 
transport of angular momentum and associated mixing of chem- 
icals in low-mass stars. In particular, stellar models that cor- 
rectly account for the internal rotation of the Sun have to si- 
multaneously reproduce the so-called lithium dip as well as the 
temporal evolution of the surface a bundance in solar-typ e stars 
dTalon & Charbonnell[T998l 120051 ICharbonnel & Talonl 12001 . 
Although it is beyond the scope of the present paper to discuss 
these aspects in detail, we plan to study quantitatively the impact 
of the Tayler-Spruit dynamo on the light element abundances in 
the near future. In particular, it is not clear whether the strong re- 
duction of the efficiency of rotational mixing for magnetic mod- 
els of low-mass stars compared to magnetic models of higher 
mass stars can correctly account for the lithium dip. 

On the other hand it is important to note that stellar models 
including both shellular rotation and the transport of angular mo- 
mentum by internal gravity waves can simultaneously reproduce 
the lithium behaviour and efficiently extract a ngular-momentum 
form the central parts of solar-type stars (see iTalon et alj [2002; 
iTalon & CharbonnelfcOOl [Charbonnel & Talon 2005, for more 
details). These models therefore provide a promising explana- 
tion to obtain a coherent picture of transport processes in the ra- 
diative zone of low-mass stars. Because the inclusion of internal 
gravity waves also results in a global decrease of the efficiency 
of rotational mixing, we can expect at first sight a similar im- 
pact on the asteroseismic properties as for the magnetic models 
discussed here. It will be particularly interesting however to in- 
vestigate this point in detail. Work is in progress in this direction. 

4. Conclusions 

The effects of rotational mixing on the properties of solar-type 
stars have first been studied by comparing stellar models com- 
puted with exactly the same initial parameters except for the 
inclusion of shellular rotation and atomic diffusion. The inclu- 
sion of rotation is found to change the global properties of a 
solar-type star with a significant increase of the effective tem- 
perature resulting in a shift of the evolutionary track to the blue 
part of the HR diagram. These differences in the global proper- 
ties of rotating and non-rotating models are related to changes of 
the chemical composition, because rotational mixing is found to 
counteract the effects of atomic diffusion. Consequently, rotat- 
ing models exhibit larger surface abundances of helium, which 
lead to a decrease of the opacity in the external layers and hence 
to the observed shift to the blue part of the HR diagram. This 
of course results in a change of the asteroseismic properties of 
solar-type stars at the same evolutionary stage on the main se- 
quence. Higher values of the large separation are then found for 
rotating models than for non-rotating ones, because the increase 
of the effective temperature for rotating models leads to smaller 
radii and hence to an increase of the mean density and large sepa- 
ration. In addition to changing the global properties of solar-type 
stars, rotation is also found to have a significant impact on the 
structure and chemical composition of the central layers. In par- 
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ticular, rotational mixing brings fresh hydrogen fuel to the cen- 
tral stellar core, thereby enhancing the main-sequence lifetime. 
At a given age, the central hydrogen mass fraction is larger for 
rotating models than for models without rotation. The increase of 
the central hydrogen abundance together with the change of the 
chemical profiles in the central layers due to rotational mixing 
result in a significant increase of the values of the small separa- 
tions and of the ratio of small to large separations. 

After comparing models computed with the same initial pa- 
rameters, the effects of rotational mixing on the asteroseismic 
properties of models sharing the same global stellar parameters, 
and in particular the same location in the HR diagram, are in- 
vestigated. The values of the large separation are then almost 
identical for these rotating and non-rotating models since they 
have the same mass and radius and hence the same mean den- 
sity. However, the effects of rotational mixing on the central lay- 
ers can be clearly revealed by asteroseismic observations, since 
a significant increase of the small separations and of the ratio 
of small to large separations is found for rotating models com- 
pared to non-rotating models with the same location in the HR 
diagram. We thus note that rotational mixing is able to increase 
the mean small separations and ratio of small to large separations 
without changing the value of the mean large separation. This re- 
sult is particularly interesting in the context of the asteroseismic 
calibration of a solar-type star, for which all observational con- 
straints (classical as well as asteroseismic) have to be correctly 
reproduced simultaneously. 

The effects of internal magnetic fields in the framework of 
a dynamo that possibly occurs in the radiative zone are also 
studied by computing rotating models of solar-type stars in- 
cluding the Tayler-Spruit dynamo. We find that the efficiency 
of rotational mixing is strongly reduced when the effects of the 
Tayler-Spruit dynamo are taken into account. The asteroseis- 
mic properties of a solar-type star model including both rota- 
tion and magnetic fields are then very similar to the ones of a 
non-rotating model. Indeed, only a very small increase of the 
values of the large and small separation is found for a rotat- 
ing model computed with the Tayler-Spruit dynamo compared 
to a non-rotating model. This is because the strong decrease of 
the efficiency of shear mixing is not compensated by the lim- 
ited increase of the transport of chemicals by meridional circu- 
lation when internal magnetic fields are taken into account. It is 
interesting to recall here that the situation is quite different for 
magnetic models of massive stars. For a massive star computed 
with the Tayler-Spruit dynamo, the strong breakdown of radia- 
tive equilibrium imposed by the approximately flat rotation pro- 
file leads indeed to an increase of the efficiency of meridional 
circulation whi ch is larger than the dec rease of the shear tur- 
bulent mixing (Ma eder & Me vnet 2005). The magnetic models 
presented here allow us to investigate the general asteroseismic 
properties of low-mass stars with radiative interiors rotating as 
quasi-solid bodies. It is important to recall however that alterna- 
tive processes such as those induced by internal gravity waves 
can also ensure a very efficient angular momentum transport. 
The asteroseismic characteristics of the corresponding models 
will have to be investigated in the near future. 

We finally conclude that asteroseismic observations are able 
to reveal the changes in the internal structure and global proper- 
ties of solar-type stars induced by rotational mixing. In particu- 
lar, the effects of rotational mixing on the chemical composition 
of the central layers of a solar-type star significantly changes its 
asteroseismic properties. We thus see here an interesting com- 
plementarity between spectroscopic and asteroseismic observa- 
tions, since surface abundances can be determined by spectro- 



scopic measurements while asteroseismic data can give us valu- 
able insights into the chemical composition of the central core. 
This is exactly what is needed to progress in our understanding 
of the transport processes at work in stellar interiors. In addition 
to the indirect effects of rotation on the asteroseismic properties 
of a star through the change of its internal structure by rotational 
mixing, direct effects of rotation related to the breaking of the 
spherical symmetry can also be revealed by asteroseismic mea- 
surements of rotational splittings. New asteroseismic data from 
ground-based observations and space missions like CoRoT and 
Kepler are thus particularly valuable in order to provide us with 
new insight into the internal rotation of solar-type stars and with 
constraints on how to model it best. 
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